When a microlensing light curve is contaminated by blended light from unresolved, faint, background stars, the light curve shape and corresponding parameterization for the event will differ from the true values. Previously, to see how the observed lensing parameters changed due to blending, the changed lensing parameters were solved for with a computationally intensive statistical method that was prone to uncertainty. Therefore, simple analytic relations between the observed lensing parameters and their true values would be very useful for analyzing the effects of blending. In this paper, we derive an analytical formalism for the treatment of blending and investigate the dependence of the observed lensing parameters on the amount of blended light, the impact parameter, and the threshold amplification for event detection.
Introduction
When an isolated source star is gravitationally microlensed, its flux is amplified by an amount A 0 (u) = u 2 + 2 u (u 2 + 4)
where u is the lens-source separation in units of the Einstein ring radius, r E . The lensing parameters t 0 , β, and t E represent the time of maximum amplification, the lens-source impact parameter, and the Einstein ring radius crossing time (Einstein timescale), respectively. These parameters are obtained by fitting model curves to the observed light curve. One can obtain information about individual lenses because the Einstein timescale is related to the physical parameters of the lens by
where M is the mass of the lens, v is the lens-source transverse velocity, and D ol , D ls , and D os are the separations between the observer, lens, and source star (Paczyński 1986 ).
However, the observed light curves of a significant fraction of all lensing events will differ from the light curve in equation (1). This is because current lensing experiments are conducted toward very dense star fields where the stellar images are severely blended. When an event is affected by blending, the observed light curve becomes
where F 0 is the unblended flux of the lensed star and B is the amount of blended light. Without an estimate of the amount of blending, a blended light curve can be well-fit by a set of (incorrect) lensing parameters. Therefore, in order to estimate the effects of blending on the results of current lensing experiments, it is essential to understand the dependence of the observed lensing parameters on the amount of blended light expected to contaminate various types of lensing events.
Previously, to see how the observed set of lensing parameters changed in the presence of blending, the uncertainties in the lensing parameters were obtained statistically by fitting a series of unblended light curves to the blended light curve of interest. In this case, determining the parameters requires a large amount of computation time because one has to compute χ 2 for all possible combinations of lensing parameters. In addition, there are inevitable statistical uncertainties that accompany use of this method. The large computational time and associated uncertainty in this statistical approach therefore motivates the derivation of simpler, analytic expressions for the relations between the observed and true lens parameters in the presence of blending. In section 2, we derive these relationships and we use these relations in section 3 to investigate the dependence of the observed lensing parameters on the amount of blended light, the impact parameter, and the threshold amplification for event detection. We summarize our results in section 4.
Changes in Lensing Parameters Due to Blending
The shape of a microlensing event light curve is characterized by its height (peak amplification A p ) and width (event duration t d ), which are dependent on the lensing parameters. Because of the change in the peak amplification due to blending, the observed impact parameter differs from the true value. Without blending, the impact parameter is related to the peak amplification of the unblended light curve by
When the event is affected by blending, on the other hand, the observed peak amplification decreases into
As a result, the observed impact parameter becomes dependent on the amount of the blended light by
Noy only the peak amplification, but also the event duration is affected by blending. As an event is always amplified by more than 1 by definition, we define the event duration by the time a given event has an amplification greater than some threshold amplification of A th,0 . Thus the maximum allowed impact parameter for the event detection is related to the threshold amplification by
For example, if the adopted threshold amplification is A th,0 = 3/ √ 5, the threshold impact parameter becomes β th,0 = 1. According to this definition for a detectable microlensing event, the source star should enter the Einstein ring. However, the threshold amplification has different values depending on the observational strategy and corresponding event selection criteria. From the definition of the threshold impact parameter as β 2 th,0 = β 2 + (t d /t E ) 2 , one finds the duration of an unblended event is related to the threshold amplification and the true lensing parameters by
On the other hand, if the event is affected by blending, the same event must have a higher amplification because blending increases the threshold amplification to:
Blending also decreases the observed duration of the event to:
where
is the decreased impact parameter threshold caused by the increased threshold amplification A th in the presence of blending.
As a result of the changes in the impact parameter and the duration of event, the Einstein timescale also changes. Not knowing an event is affected by blending, one will obtain the Einstein timescale from the relation in equation (8), but based on the observed impact parameter and the duration of event by 
In the equation, the threshold impact parameter β th,0 is included instead of the decreased value of β th due to blending, because one still thinks he (or she) consistently applied the same threshold impact parameter of β th,0 . Since the observed duration of the event is related to the true lensing parameters by equation (10), one obtains the relation between the observed and true Einstein timescale by
where one can find the definitions of the various types of impact parameter of β, β obs , β th,0 , and β th in equations (4), (6), (7), and (11). In Figure 1 , we present several illustrative light curves with blending (solid curves) and the corresponding, degenerate, unblended light curves (dotted curves) whose lensing parameters are determined by the relations in equations (8) and (13). All of these events have the same impact parameter β = 0.2 and threshold amplification A th,0 = 3/ √ 5 (represented by a solid line). The fraction of blended light is marked in each panel. In each case the blended events are also well fit by unblended light curves.
Application of the Relations
With these analytic relations, the effects of blending on the observed lensing parameters can be computed explicitly. We compute these changes in the lensing parameters due to blending with the equations derived above for the blended impact parameter (8) and for the Einstein timescale (13). Figure 2 shows how these parameters vary as a function of the blended light fraction for different values of the impact parameter. To compute the observed lensing parameters, we assume that the threshold amplification for event detection is A th,0 = 3/ √ 5. In the figure, the relation becomes discontinuous above a certain value of B/F 0 because events affected by more blending than this amount cannot be amplified higher than A th,0 and thus cannot be detected. As expected, one finds that the observed Einstein timescale decreases and the observed impact parameter increases as the fraction of blended light increases. We note, however, that although these qualitative trends of the changes in t E,obs and β obs are already known (Di Stefano & Esin 1995; Alard & Guibert 1997; Woźniak & Paczynski 1997; Han 1997; Goldberg 1998) , our derivation is the first to quantify these changes in the observed lensing parameters due to blending. Figure 2 is that the observed lensing parameters depend in different ways on B/F 0 for different values of the original impact parameter β. This is because even for events with the same Einstein timescale and the same amount of blending, the peak amplification and duration of the event increases as the impact parameter decreases. The decrease in t E,obs and the increase in β obs becomes more important for events with smaller impact parameters, implying that blending is more important for events with higher amplifications.
Another interesting result from
We also find that changes in the observed Einstein timescale depends differently on the fraction of blended light for different values of the adopted threshold amplification. Figure  3 shows how t E,obs changes for different values of A th,0 for an event with β = 0.2. From the figure, one finds that as the threshold amplification increases, the decrease in the observed Einstein timescale becomes more important. This is because by increasing the threshold amplification the observed duration of an event will decrease, while the true Einstein timescale remains the same regardless of the adopted A th,0 . Unlike the Einstein timescale, however, the observed impact parameter has the same dependency on B/F 0 regardless of the adopted values of A th,0 , because β obs is determined from the peak amplification, which does not depends on the adopted A th,0 .
Conclusion
We have derived analytic relations for the observed microlensing parameters before and after the effects of blending are considered. We have used these relations to investigate the dependence of the observed lensing parameters on the fraction of blended light for events with various values of impact parameters under various selection criteria. The results of this investigation are as follows:
1. The observed Einstein timescale decreases and the impact parameter increases with an increasing fraction of blended light. Although these trends in the observed lensing parameters are already known, this derivation is the first to quantify this effect.
2. The observed lensing parameters depend in different ways on the fraction of blended light for events with different impact parameters. These changes in the observed lensing parameters are more important for events with smaller impact parameters, implying that the effects of blending becomes more important for events with higher amplifications.
3. The observed Einstein timescale depends on the threshold amplification for event detection. With increasing value of the adopted threshold amplification, the decrease in the observed Einstein timescale becomes more important. However, the observed impact parameter has the same dependence regardless of the adopted threshold amplification.
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